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Why scaling and multifractality ?

• Indeed, in order to handle the mathematical 
phenomena of nature, it is always necessary to 
admit simplifications and to neglect certain 
influences and irregularities. I had to do it in front 
of an object as complicated as our atmosphere 
(Millankovic, 1920) 

• This variable distribution of solar radiation on the 
surface of the Earth is the primary cause of all 
meteorological phenomena, whose irregularity 
singularly contrasts with the regularity of their 
primary cause. Meteorological phenomena 
appear as capricious as the radiation - with 
which the Sun floods the Earth - follows a regular 
diurnal and annual course (Milankovic, 1920)  

• I believe that the ultimate climate models..will be 
stochastic, i.e.  random numbers will appear 
somewhere in the time derivatives (Lorenz 
1975). 
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Why scaling and multifractality ?

(vector-valued)	space-time	field	

(bare)	propagator/Green	function=	inverse	of	a	differential		operator	
	

(bare)	forcing	,	including	Milankovic’s	astronomical	cycles

(bare)	vertex/interaction	kernel	

Fondamental	problem:	nonlinearity



Why scaling and multifractality ?

Fondamental	problem:	nonlinearity

Endless	proliferation	of		higher		
and	higher	order	diagrams

Nevertheless,	one	can	hope	to	“renormalise”	all	these	quantities	to	obtain	finite	expansions:	
differential	operators/propagators	—>	fractional	differential	operators/propagators	
e.g.	non-linear	fractional	Langevin	equations/cascade	models	

vertex	—>	intermittent	vertex	

What	do	the	data	tell	us?	



Scaling & multifractality of GRIP data

E( f ) ≈ f −β; β ≈ 1.4

(Schmitt	et	al.,	GRL,	1995)



Scaling & multifractality of GRIP data

< (Δθ ( T
λ )

q

> ≈ λ−ζ(q) < (Δθ(T )q >
(Schmitt	et	al.,	GRL,	1995)



Scaling & multifractality of GRIP data

ζ(q) ≈ Hq − C1
qα − q
q − 1

H ≈ 0.2, C1 ≈ 0.05, α ≈ 1.6

nonlinear	scaling	
intermittency,		
multifractality

linear	scaling,		
fractional	integration

β = 2H + 1 + K(2) ≈ 2H + 1

H	(fractional)	order	of	integration	
					codimension	of	the	mean	intermittency	
					multifractality	index,	concavity	of
C1
α ζ(q)

(Schmitt	et	al.,	GRL,	1995)



Vostok data
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In addition, a transition from low to high CO2 and CH4 values (not
shown) occurs at exactly the same depth. In undisturbed ice, the
transition in atmospheric composition would be found a few metres
lower (due to the difference between the age of the ice and the age of
the gas20). Also, three volcanic ash layers, just a few centimetres apart
but inclined in opposite directions, have been observed—10 m

above this dD excursion (3,311 m). Similar inclined layers were
observed in the deepest part of the GRIP and GISP2 ice cores from
central Greenland, where they are believed to be associated with ice
flow disturbances. Vostok climate records are thus probably dis-
turbed below these ash layers, whereas none of the six records show
any indication of disturbances above this level. We therefore limit
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Figure 1 The deuterium record. Deuterium content as a function of depth,

expressedas dD (in ‰ with respect to StandardMean Ocean Water, SMOW). This

record combines data available down to 2,755m (ref.13) and new measurements

performed on core 5G (continuous 1-m ice increments) from 2,755m to 3,350m.

Measurement accuracy (1j) is better than 1‰. Inset, the detailed deuterium

profile for the lowest part of the record showing a dD excursion between 3,320

and 3,330m. dDiceðin ‰Þ ¼ [ðD=HÞsample=ðD=HÞSMOW 2 1] 3 1;000.
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Figure 2 Vostok time series and ice volume. Time series (GT4 timescale for ice

on the lower axis, with indication of corresponding depths on the top axis and

indication of the two fixed points at 110 and 390 kyr) of: a, deuterium profile (from

Fig. 1); b, d18Oatm profile obtained combining published data11,13,30 and 81 new

measurements performed below 2,760m. The age of the gas is calculated as

described in ref. 20; c, seawater d18O (ice volume proxy) and marine isotope

stages adapted from Bassinot et al.26; d, sodium profile obtained by combination

of published and new measurements (performed both at LGGE and RSMAS) with

a mean sampling interval of 3–4m (ngg−1 or p.p.b); and e, dust profile (volume of

particles measured using a Coulter counter) combining published data10,13 and

extended below 2,760m, every 4mon the average (concentrationsare expressed

in mg g−1 or p.p.m. assuming that Antarctic dust has a density of 2,500 kgm−3).

d18Oatmðin ‰Þ ¼ [ð18O=16OÞsample=ð18O=16OÞstandard 2 1] 3 1;000; standard is modern

air composition.

(Petit	et	al.,	Nature,	1999)

A	very	rich	data	set		
over	450	000	years!



Vostok data
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coolest part of each glacial period occurs just before the glacial
termination, except for the third cycle. This may reflect the fact that
the June 658 N insolation minimum preceding this transition
(255 kyr ago) has higher insolation than the previous one (280 kyr
ago), unlike the three other glacial periods. Nonetheless, minimum

temperatures are remarkably similar, within 1 8C, for the four
climate cycles. The new data confirm that the warmest temperature
at stage 7.5 was slightly warmer than the Holocene13, and show that
stage 9.3 (where the highest deuterium value, −414.8‰, is found)
was at least as warm as stage 5.5. That part of stage 11.3, which is
present in Vostok, does not correspond to a particularly warm
climate as suggested for this period by deep-sea sediment records29.
As noted above, however, the Vostok records are probably disturbed
below 3,310 m, and we may not have sampled the warmest ice of this
interglacial. In general, climate cycles are more uniform at Vostok
than in deep-sea core records1. The climate record makes it unlikely
that the West Antarctic ice sheet collapsed during the past 420 kyr
(or at least shows a marked insensitivity of the central part of East
Antarctica and its climate to such a disintegration).

The power spectrum of DTI (Fig. 4) shows a large concentration
of variance (37%) in the 100-kyr band along with a significant
concentration (23%) in the obliquity band (peak at 41 kyr). This
strong obliquity component is roughly in phase with the annual
insolation at the Vostok site4,6,15. The variability of annual insolation
at 788 S is relatively large, 7% (ref. 3). This supports the notion that
annual insolation changes in high southern latitudes influence
Vostok temperature15. These changes may, in particular, contribute
to the initiation of Antarctic warming during major terminations,
which (as we show below) herald the start of deglaciation.

There is little variance (11%) in DTI around precessional periodi-
cities (23 and 19 kyr). In this band, the position of the spectral peaks
is affected by uncertainties in the timescale. To illustrate this point,
we carried out, as a sensitivity test, a spectral analysis using the
control points provided by the d18Oatm record (see Table 1). The
position and strength of the 100- and 40-kyr-spectral peaks are
unaffected, whereas the power spectrum is significantly modified
for periodicities lower than 30 kyr.
Insolation. d18Oatm strongly depends on climate and related proper-
ties, which reflect the direct or indirect influence of insolation19. As a
result, there is a striking resemblance between d18Oatm and mid-June
insolation at 658 N for the entire Vostok record (Fig. 3). This
provides information on the validity of our glaciological timescale
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Figure 4 Spectral properties of the Vostok time series. Frequency distribution (in

cycles yr−1) of the normalized variance power spectrum (arbitrary units). Spectral

analysis was done using the Blackman-Tukey method (calculations were

performed with the Analyseries software47): a, isotopic temperature; b, dust; c,

sodium; d, d18Oatm; e, CO2; and f, CH4. Vertical lines correspond to periodicities of

100, 41, 23 and 19 kyr.

Box 1 The Vostok glaciological timescale

We use three basic assumptions12 to derive our glaciological timescale

(GT4); (1) the accumulation rate has in the past varied in proportion to the

derivative of the water vapour saturation pressure with respect to tem-

perature at the levelwhere precipitation forms (see section on the isotope

temperature record), (2) at any given time the accumulation between

Vostok and Dome B (upstream of Vostok) varies linearly with distance

along the line connecting those two sites, and (3) the Vostok ice at 1,534m

corresponds to marine stage 5.4 (110 kyr) and ice at 3,254m corresponds

to stage 11.2.4 (390 kyr).

Calculation of the strain-induced thinning of annual layers is now

performed accounting for the existence of the subglacial Vostok lake.

Indeed, running the ice-flow model48 with no melting and no basal sliding

as done for EGT12 leads to an age .1,000 kyr for the deepest level we

consider here (3,310 m), which is much too old. Instead, we now allow for

moderate melting and sliding. These processes diminish thinning for the

lower part of the core and provide younger chronologies. We ran this age

model48 over a large range of values of the model parameters (present-

day accumulation at Vostok, A, melting rate, M, and fraction of horizontal

velocity due to base sliding, S) with this aim of matching the assumed

ages at 1,534 and 3,254m. This goal was first achieved (ages of 110 and

392 kyr) with A ¼ 1:96g cm2 2 yr2 1, and M and S equal respectively to

0.4mmyr−1 and 0.7 for the region 60 km around Vostok where the base

is supposed to reach the melting point (we set M ¼ 0 and S ¼ 0 else-

where). These values are in good agreement with observations for A

(2:00 6 0:04g cm2 2 yr2 1 over the past 200 yr) and correspond to a reason-

able set of parameters for M and S. We adopt this glaciological timescale

(GT4), which gives an age of 423 kyr at 3,310m, without further tuning

(Fig. 2). GT4 never differs by more than 2 kyr from EGTover the last climate

cycle and, in qualitative agreement with recent results49, makes termina-

tion I slightly older (by ,700 yr). We note that it provides a reasonable age

for stage 7.5 (238 kyr) whereas Jouzel et al.13 had to modify EGT for the

second climate cycle by increasing the accumulation by 12% for ages

older than 110 kyr. GT4 never differs by more than 4 kyr from the orbitally

tuned timescale of Waelbroeck et al.50 (defined back to 225kyr), which is

within the estimated uncertainty of this latter timescale. Overall, we have

good arguments11,50–52 to claim that the accuracy of GT4 should be better

than 65 kyr for the past 110 kyr.

The strong relationship between d18Oatm and mid-June 658 N insolation

changes (see text and Fig. 3) enables us to further evaluate the overall

quality of GT4. We can use each well-marked transition from high to low

d18Oatm to define a ‘control point’ giving an orbitally tuned age. The mid-

point of the last d18Oatm transition (,10 kyrago) has nearly the sameageas

the insolation maximum (11 kyr). We assume that this correspondence

alsoholds forearlier insolationmaxima.The resultingcontrolpoints (Fig. 3

and Table 1) are easy to define for the period over which the precessional

cycle is well imprinted in 658 N insolation (approximately between 60 and

340 kyr) but not during stages 2 and 10 where insolation changes are

small. The agreement between the d18Oatm control points and GT4 is

remarkably good given the simple assumptions of both approaches. This

conclusion stands despite the fact that we do not understand controls on

d18Oatm sufficiently well enough to know about the stability of its phase

with respect to insolation. We assume that the change in phase does not

exceed 66 kyr (1/4 of a precessional period).

We conclude that accuracy of GT4 is always better than 615 kyr, better

than 610 kyr for most of the record, and better than 65 kyr for the last

110 kyr. This timescale is quite adequate for the discussions here which

focus on the climatic information contained in the Vostok records

themselves. (Petit	et	al.,	Nature,	1999)

“integrated	spectra”:	 ωE(ω) vs . Log(ω)
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Vostok data: glaciological 
timescale increments
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Vostok data: spectral scaling
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Vostok data: multi-scaling
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• Main differences w.r.t. S&al 1995: 
i) exclude polynomial trends 

(“detrending”) 
ii) include negative moment orders 
iii) include a surrogate test for nonlinearity  
iv) use longer time series 
v) apply MF analysis to both polar regions 

• (i) and (ii) may lead to spurious estimates 
• but A&al confirm multifractality

Multifractality and detrending

(Ashkenazy	et	al.,	GRL,	2003)

the magnitude series j!Tij. We find that j!Tij is long-range
correlated within the time range 1–100 kyr (Figure 2b) with
exponent a ! 0.8. If the temperature series Ti was a simple
random walk the corresponding j!Tij series would be
uncorrelated with exponent a ! 0.5. Thus, the underlying
process is nonlinear. The value of the correlation exponent
of j!Tij quantifies the degree of nonlinearity in the ice core
record. Correlations in j!Tij indicate that the magnitude
series is ‘‘clustered’’, i.e., a large magnitude is more likely
to be followed by a large magnitude and a small magnitude
is likely to be followed by a small magnitude, as can be seen
in Figure 1b. As the correlations in j!Tij increase, the
clustering in j!Tij are more pronounced; linear series
have uncorrelated, homogeneous, magnitude series j!Tij
[Ashkenazy et al., 2003].
[14] To demonstrate that the correlations in j!Tij are

related to the nonlinearity of the underlying process we
apply a surrogate data test for nonlinearity that preserves
both the power spectrum and the histogram of the temper-
ature increment time series !Ti [Schreiber and Schmitz,
2000]. The surrogate series has random Fourier phases; the
nonlinearities that are stored in the phases are destroyed. We

find that the magnitude series obtained from the surrogate
series is indeed uncorrelated (Figure 2b). We generate
10 surrogate series and measure the correlation exponent
of j!Tij; we find that the mean exponent ±1 std is a = 0.5 ±
0.05, a value which is significantly different than the value
of the original j!Tij series exponent, a ! 0.8. This
surrogate data test confirms that the original series is
nonlinear within 1–100 kyr. We note that in some cases
the asymmetry of a time series is an indication for nonlin-
earity and in other cases it is a result of a simple monotonic
and static transformation of a symmetric distribution. Since
we apply a surrogate data test that preserves the probability
distribution of the series under consideration on the incre-
ment temperature series, the asymmetry in the surrogate
series is the same as the asymmetry in the original incre-
ment temperature series. Thus the asymmetry of the ice-core
data is not related to the nonlinearity we find in the ice-core
data.
[15] An additional measure for nonlinearity is the multi-

fractal (MF) spectrum [Parisi and Frisch, 1985]. A series xi
obeys scaling laws if hjxi+n " xijqi # nt(q)+1 (h $ i stands for
average). When the exponents t(q) are nonlinearly (or
linearly) dependent on q the series xn is multifractal (or
monofractal ). In many cases a MF (or monofractal) series
has a nonlinear (or linear) underlying process. We use an
advanced method of multifractality that accurately estimates
the exponents of negative moments and is capable of
removing polynomial trends from the data [Muzy et al.,
1994]. We calculate the exponents t(q) of different
moments q for the ice core data and find that t(q) is a
nonlinear function of q (Figure 2c), indicating that the
temperature series is MF. Most of the multifractality
observed in the ice-core data is due to the negative moments;
i.e., the small fluctuations are more inhomogeneous than
the big fluctuations. We also perform MF analysis on the
surrogate data and find that its t(q) is almost linear. The MF
spectrum,D(h) % hq" t(q) (h % dt/dq) (Figure 2d), is broad
for the original data and narrower for the surrogate data.
The broadness of the MF spectrum may also be used to
quantify the degree of multifractality, and thus the degree of
nonlinearity, in the data.
[16] We note that Schmitt et al. [1995] analyzed the GRIP

ice-core data and found a broad MF spectrum; their study
differs from ours because: (i) We exclude polynomial trends
that exist in climate records and might cause inaccuracies in
measuring the MF spectrum. (ii) We compute both positive
and negative moments; for the Vostok ice-core, most of the
broadness of the MF spectrum is due to the negative
moments. (iii) We use a surrogate test for nonlinearity to
verify whether the MF spectrum is indeed a measure of
nonlinearity; linear series with broad ( power-law) tails for
the probability distribution may have a broad MF spectrum
inspite of their linearity [Kantelhardt et al., 2002]. (iv) We
use longer ice-core time series (which became available
recently) that leads to a more accurate MF spectrum. (v) We
apply MF analysis to cores from both polar regions.
[17 ] We repeat the above analysis for the other three

ice cores (Table 1). The DFA exponents of the original
series are smaller for the Greenland cores (a # 1.2)
compared to the Antarctica cores (a # 1.5). The smaller
correlation exponents for Greenland cores may be related
to the more variable climate of the Northern hemisphere

Figure 2. (a) The root mean square fluctuation F(n) (2ND

order DFA) as a function of window scale n in kyr for the
Vostok temperature proxy data indicates strong correlations
(&). The surrogate series (4) exhibits almost identical
scaling confirming that correlations in the T series are a
linear measure. (b) F(n) for the magnitude series, j!Tij,
indicates strong correlations (&). The magnitude series of
the surrogate data (triangles) is uncorrelated (with
exponent 0.5) demonstrating the nonlinearity of the data.
(c) The MF analysis uses the wavelet transform modulus
maxima method [Muzy et al., 1994], with the 8-tap
Daubechies discrete wavelet transform [Daubechies,
1992]. The exponents t(q) are calculated for window scales
between 0.8 kyr and 25.6 kyr. The curvature in t(q) reflects
the multifractality of the temperature series (.). The t(q) of
the surrogate series (6) is linear (10 realizations; the
average ±1 std is shown). (d) The MF spectrum, D(h), is
much broader for the original data (.) compared to the
average D(h) of the surrogate data (6) confirming that the
underlying dynamics is nonlinear.

ASHKENAZY ET AL.: NONLINEARITY OF CLIMATE CHANGE CLM 2 - 3



Multifractality and periodicity

(Maslov,	JAMES,	2014)

Figure 2. ln(T) function, and straight line approximations ln(T) =ki t+ 
pi within cycles. 

Dðq; dTÞ5
XN

i

nq
i (7)

ni is taken from a histogram of the
temperature distribution with tem-
perature discretization dT. We used
two levels of discretization dT 5 0.25,
and 0.125 to calculate the multifrac-
tal spectrum of Ts. Figure 7 shows
histograms for dT 5 0.25 and 0.125.

The fractal dimension f(a) of a subset
a was calculated for dT 5 0.25 and
0.125 using the formula [Feder, 1988]

f ðaÞ5q# a2sðqÞ (8)

Figure 8 shows the multifractal spectrum of temperature fluctuations Ts in cycle 4 (crosses) for dT 5 0.125.

To model the high frequency stochastic temperature fluctuations we used a sine-circle map (9)

tn115tn1X2
k

2p
sinð2ptnÞ ðmod 1Þ (9)

This map is known for its successful modeling of nonlinear dynamical systems. It has the remarkable prop-
erty of producing periodic, quasiperiodic and chaotic oscillations. An extensive review of sine-circle map
applications can be found in Glazier and Libchaber [1988]. The function f ðaÞ was calculated for
X5Xgm5ð

ffiffiffi
5
p

11Þ=2, the golden mean, k 5 1, and plotted in Figure 8.

5. Conceptual Interpretation of Models

5.1. Cyclic Temperature Variations Tc

It is show in section 3 that the system of nonlinear differential equation (3) has a cycle. Andronov in his
work [Andronov, 1929] demonstrated the relation between the limit cycle and a special form of oscillation
which is called auto-oscillation (self-oscillation, self-sustained oscillation). Auto-oscillation is the self-
organized response of a nonlinear dynamical system to a constant, nonoscillating, flow of energy. Thus,
dynamical systems, described by nonlinear differential equation (3) can be considered to be a nonlinear,
dissipative, and self-organized system. According to Figure 4b, the peak of entropy precedes the peak of
the temperature, and a decrease in entropy is followed by a rapid increase in temperature of about 10$C on
the Earth’s surface. Physically, this can be interpreted as a phase transition, like the condensation of water
vapor, and release of latent heat, as discussed it in section 2. We can see that the duration of observed tem-
perature cycles (Figure 4a) gradually increases from %100 kyr in cycles 1 and 2, through %120 kyr in cycle 3,

Figure 6. The power spectrum of the data. The straight line is the indication of constant
scaling coefficient 21.55. This coefficient is close to b 5 21.4 found in the work [Schmitt
et al., 1995] for Greenland. The coefficient of determination for this approximation is
R2 5 0.54.

Figure 7. Histograms ni for dT 5 0.25 and 0.125.
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Figure	6.	The	power	spectrum	
of	the	data….

β ≈ 1.55

Figure	8.	Multifractal	spectrum	of	temperature	variation	Ts	in		
cycle	4	(crosses)	and	multi-	fractal	spectrum	of	critical	circle	map	(circles).		

tn+1 = tn + Ω −
k

2π
sin(2πtn) (mod1); k = 1,Ω =

5 + 1
2

Sine	circle	map	for	high-frequency	fluctuations:



• This variable distribution of solar radiation on the surface of the Earth is the 
primary cause of all meteorological phenomena, whose irregularity singularly 
contrasts with the regularity of their primary cause. Meteorological 
phenomena appear as capricious as the radiation - with which the Sun floods 
the Earth - follows a regular diurnal and annual course (Milankovic, 1920) 

• What seems to be more recently established: 
• the climate response to forcing peaks is broad, not narrow 
• scaling is present: fractional operators are therefore expected 
• furthermore there is intermittency: linear fractional operators are not 

sufficient 
• not a property of a single component (temperature proxy), but of  

multiple interacting components: scalar valued multifractals are 
insufficient—> multifractal operators / cascade of operators  

• Cascades/multifractals based on Clifford algebra are at least an excellent 
training case… 

• Available data need to be more investigated

Conclusions 



Thank you for your  
attention!


